A b s t r ac t . A theorem of Dolfi, Herzog, Kaplan, and Lev [DHKL07, Thm. C] asserts that in a finite group with trivial Fitting subgroup, the size of the soluble residual of the group is bounded from below by a certain power of the group order, and that the inequality is sharp. Inspired by this result and some of the arguments in [DHKL07], we establish the following generalisation: if X is a subgroup-closed Fitting formation of full characteristic which does not contain all finite groups and X is the extension-closure of X, then there exists an (optimal) constant γ depending only on X such that, for all non-trivial finite groups G with trivial X-radical,
I n t ro d u c t i o n
In an important paper, dedicated to Avinoam Mann on the occasion of his retirement, Dolfi, Herzog, Kaplan, and Lev prove the following remarkable result. Theorem 1.1 ([DHKL07, Thm. C]). Let G be a non-trivial finite group such that F(G) = 1. Then we have G S > |G| γ , (1.1) where γ = log(60)/ log(120(24) 1/3 ) ≈ 0.700265861 is largest possible for (1.1) to hold.
Here, S denotes the class all finite soluble groups, F(G) is the Fitting subgroup of the finite group G, and G S is the soluble residual of G. The principal aim of the present paper is to clarify the (rather involved) background of Theorem 1.1, which relies on a delicate interplay between residuals and radicals, and to use this analysis for the purpose of establishing a substantial generalisation; see Theorem 6.7 in Section 6.
It is a well-known fact that, for a finite soluble group G, the Fitting subgroup F(G) controls triviality respectively non-triviality of G. As a closer analysis reveals, it is that property which makes the Fitting condition in Theorem 1.1 natural and necessary. This observation indicates that our starting point for generalising Theorem 1.1 should be the (ii) If G X = 1, then G ∼ = G/G X ∈ X, so G ∈ X. Conversely, if G ∈ X, then the normal subgroup N = 1 ¢ G is such that G/N ∼ = G ∈ X, thus G/N ∈ X and G holds true, with equality occurring in (2.2) if, and only if, G is abelian.
We observe that Propositions 2.3 and 2.4 admit of a rather elegant common generalisation as follows.
Proposition 2.5. Let X be a residually-closed class of groups such that A ⊆ X ⊆ N, and let G be a finite group with Φ(G) = 1. Then we have
3) with equality occurring in (2.3) if, and only if, G is abelian.
Proof. This follows from Proposition 2.4 in conjunction with Lemma 2.2 (iii).
R a d i c a l s o f f i n i t e g ro u p s
As the proof of our main result, Theorem 6.7, involves a delicate interplay between radical and residual theory, we shall use this section to briefly summarise what little can be said in general about radicals of finite groups.
Definition 3.1. We say that a class of groups X is normal-product-closed, if, for each finite group G, and any two normal subgroups N 1 , N 2 ¢ G with N 1 , N 2 ∈ X, we have N 1 N 2 ∈ X.
Remark 3.2. By [DH92, II, Prop. 2.11(b)], a class is normal-product-closed if, and only if, it is n 0 -closed.
Lemma 3.3. Let X be a normal-product-closed class of groups.
(i) For each finite group G, there exists a unique normal X-subgroup G X of G, which is largest in the sense that it contains every normal X-subgroup of G. It is called the X-radical of G, and is a characteristic subgroup of G.
(ii) If G is a finite group, then we have G X = G if, and only if, G ∈ X.
(iii) Let G be a finite group, and let H be a subnormal X-subgroup of G. Then H G X .
(iv) Let Y be a normal-product-closed class of groups such that X ⊆ Y. (ii) This is trivial.
(iii) We argue by induction on |G|. If G = 1, then H = G X = G. Suppose now that our claim holds for all groups with |G| < m for some integer m 2, and consider a group G with |G| = m. If H = G, then G ∈ X, so H = G = G X . We may therefore assume that H < G. Let M be the penultimate term in a subnormal chain reaching from H to G. Then H is subnormal in M , M is normal in G, and M < G. The induction hypothesis applied to M shows that H M X . However, the radical M X is characteristic in M , and M is normal in G, thus M X is a normal X-subgroup of G. It follows that M X G X , so that H G X , as desired.
(iv) Let G be a finite group. By Part (i), the radicals G X and G Y exist. Moreover, since
4. S o m e i n t e r d e p e n d e n c e s b e t w e e n c l o s u r e p ro p e rt i e s o f g ro u p c l a s s e s
Our next result summarises some interdependences between closure properties of group classes, which will be useful later on.
Lemma 4.1. Let X be a class of groups.
(i) If X is normal-product-closed, then X is closed under taking direct products.
(ii) If X is subgroup-closed, as well as closed under taking direct products, then X is residually-closed.
(iii) If X is image-closed as well as extension-closed, then X is normal-product-closed.
(iv) Suppose that X is image-closed, as well as normal-product-closed, let G be a finite group, and let N be a normal subgroup of G. Then we have
If N ∈ X, and X is image-closed as well as extension-closed, then (4.1) holds with equality.
(v) Suppose that X is both normal-product-closed as well as extension-closed, and let G be an arbitrary finite group. Then (G/G X ) X = 1.
Proof. (i) Let G 1 , G 2 ∈ X, and set H := G 1 × G 2 , the (external) direct product of G 1 and G 2 . Then H is a finite group and G 1 := {(x, 1) : x ∈ G 1 }, G 2 := {(1, y) : y ∈ G 2 } are normal subgroups of H. Moreover, we have G i ∼ = G i for i = 1, 2, thus G i ∈ X, by assumption, and G 1 G 2 = H. Since X is normal-product-closed by hypothesis, it follows that H ∈ X, as claimed.
(ii) See [DH92, II, Lem. 1.18].
(iii) Let G be an arbitrary finite group, and let N 1 , N 2 ¢ G be such that N 1 , N 2 ∈ X. Then the normal product N 1 N 2 in G is an extension of, say, N 1 ∈ X by
since N 2 ∈ X, and X is image-closed. It follows that N 1 N 2 ∈ X, since X is assumed to be extension-closed. Hence, X is normal-product-closed, as claimed.
(iv) Since N G X N ¢ G, G X N/N is a normal subgroup of G/N , and we have
since G X ∈ X by definition, and X is image-closed by hypothesis. The desired inclusion, G X N/N (G/N ) X , follows now from the definition of the X-radical. Now, suppose that N ∈ X, and that X is image-closed, as well as extension-closed. Then (4.1) holds by what we have just proven plus Part (iii) of our lemma. Let H/N be a normal subgroup of G/N with H/N ∈ X. Then N H ¢ G, so that H is an extension of N ∈ X by H/N ∈ X. Since X is extension-closed by assumption, we have
Then H 1 is an extension of the X-subgroup G X ¢ H 1 by the X-group H; thus H 1 is a normal X-subgroup of G, since X is assumed to be extension-closed. It follows that G X H 1 G X , so H 1 = G X and thus H = 1, implying (G/G X ) X = 1 as desired, since H was arbitrary.
5. E x t e n s i o n -c l o s u r e o f a c l a s s o f g ro u p s Let X be a class of (finite or infinite) groups. We define a class of groups X via G ∈ X :⇐⇒ there exists a finite subnormal series 1
Remark 5.1. If we interpret the class X as a group property, then the elements of X are precisely the poly-X groups. Proof.
(1) Let X be a class of groups, and let G ∈ X. We have a subnormal series
showing that the map − is expanding.
(2) Let G ∈ X. Then there exists a finite subnormal series
where G i /G i−1 ∈ X for 1 i r. Moreover, by definition of X, we have subnormal series
, we obtain, for each i, a corresponding series
where
. Also, we have
Interpolating the series (5.4) in (5.2), we obtain a subnormal series reaching from the trivial group to the group G, whose quotients are all in X. This shows that X ⊆ X, while the reverse inclusion holds by the first part of the proof. Hence, the class map − is idempotent.
(3) Let X 1 and X 2 be classes of groups such that X 1 ⊆ X 2 , and let G ∈ X 1 . Then there exists a subnormal series
showing that the map − is monotone as well.
Definition 5.3. Given a class of groups X, the class X defined in (5.1) is called the extension-closure (e-closure for short) of X.
Our next result collects together a number of properties of the extension closure X of a class of groups X, most of which will be crucial in what follows.
Proposition 5.4. Let X be a class of groups, and let X be its e-closure.
(i) If the members of X are all finite groups, then the same holds true for X.
(ii) If the members of X all satisfy the maximum condition for subgroups, then the same holds for the members of X.
(iii) X is closed under taking extensions.
(v) Let X be normal-product-closed, and suppose that X consists solely of finite groups. Moreover, suppose that there exists a finite group G such that G = 1 and G X = 1. Then X ⊂ E.
(vi) If X is image-closed, then so is X.
(vii) If X is subgroup-closed, then so is X.
(viii) If X is image-closed and subgroup-closed, then X is normal-product-closed as well as residually-closed.
(ix) Suppose that X is image-closed and normal-product-closed. Then, for G ∈ E, we have
Proof. (i) Let G ∈ X, and let 1
. . , G i−1 are finite for some i with 1 i < r, then G i is an extension of the finite group G i−1 by the group G i /G i−1 , which is in X and thus finite, hence G i is finite as well. Since G 0 is finite, it follows that G = G r is finite, as claimed.
(ii) This follows from Proposition 1 in [Seg83, Chap. 1] by an immediate induction on the length of a subnormal X-series.
(iii) Let N, Q ∈ X, and let G be an arbitrary extension of N by Q; that is, N ¢ G and G/N = Q. We want to show that G ∈ X. By definition of X, we have subnormal series
where N i /N i−1 ∈ X and Q j /Q j−1 ∈ X for 1 i r and 1 j s. For each index j, let H j be such that N H j G and H j /N = Q j . In this way, we obtain a subnormal series
Combining the two series (5.5) and (5.6), we obtain a subnormal series reaching from the trivial group to G, and with all quotients in X. Hence, G ∈ X, as required.
(iv) Let G ∈ X be a finite group such that G X = 1, and let
(v) Let G be a non-trivial finite group such that G X = 1. If we had G ∈ X then, by Part (iv), we would have G = 1, a contradiction. Hence, G ∈ X while, by Part (i), X ⊆ E. Hence, X ⊂ E, as claimed.
(vi) Suppose that X is image-closed, let G ∈ X, and let N ¢ G. We want to show that
Only the last assertion may need some comment. Clearly,
, and let y, y ∈ N . Then, since N is normal in G, there exists some y ∈ N , such that
Hence, we obtain a subnormal series
for the quotient group G/N . Also, for 1 i r,
since G i /G i−1 ∈ X and X is image-closed by hypothesis. Hence, G/N ∈ X, as desired.
(vii) Suppose that X is subgroup-closed, let G ∈ X, and let U G be an arbitrary subgroup. We want to show that U ∈ X. Fix a subnormal series
we obtain a corresponding series
for U . Let x ∈ U i−1 and y ∈ U i . Then x y ∈ G i−1 since G i−1 ¢ G i , and x y ∈ U , since x, y ∈ U . Thus, x y ∈ U i−1 , so U i−1 ¢ U i for 1 i r. Hence, (5.7) is a subnormal series for U . Moreover, the quotient U i /U i−1 embeds homomorphically into G i /G i−1 via the map sending xU i−1 to xG i−1 for x ∈ U i . Since G i /G i−1 ∈ X and X is subgroup-closed by hypothesis, we have U i /U i−1 ∈ X for 1 i r, implying that U ∈ X, as claimed. (ix) The backward implication is clear by definition of the class X, so we may focus on the forward implication. By our hypotheses on X plus Parts (iv) and (vi) of our proposition, the class X is image-closed, and satisfies the control property (1.2) for all finite groups G. Let G ∈ X ∩ E, and suppose that G = 1 (otherwise there is nothing to prove). Then G X = 1 by (1.2), and we may set G 0 := 1 and G 1 := G X , so that G 1 /G 0 ∼ = G X ∈ X and G 1 is characteristic in G by Part (i) of Lemma 3.3. Suppose that we have already constructed
i < j with some integer j 2. If G j−1 = G, we are done. Otherwise, G/G j−1 = 1, and G/G j−1 ∈ X ∩ E, since G ∈ X ∩ E and X is image-closed. By (1.2), we have (G/G j−1 ) X = 1, and we let G j be such that G j−1 < G j G and
by Part (i) of Lemma 3.3, the subgroup G j is characteristic in G. Continuing in this way, we find, after finitely many steps, a series 1 = G 0 G 1 · · · G r = G for G, such that G 1 , . . . , G r−1 are characteristic in G, and with G i /G i−1 ∈ X for 1 i r.
Corollary 5.5. Let X be a class of finite groups, which is image-closed, subgroup-closed, and normal-product-closed. Suppose further that there exists a finite group G with G = 1 and G X = 1. Then X is image-closed, subgroup-closed, extension-closed, normal-productclosed, and residually-closed. Also, G ∈ X and G X = 1 implies G = 1, and we have X ⊂ E.
T h e m a i n r e s u lt
We begin by recasting our hypotheses in the language of formations and Fitting classes.
Lemma 6.1. If X is a class of finite groups, then the following assertions are equivalent:
(i) X is subgroup-closed, image-closed, and normal-product-closed;
(ii) X is a subgroup-closed Fitting formation.
Proof. Since X is subgroup-closed and normal-product-closed, it is s n -closed (subnormalsubgroup-closed), and also Definition 6.2. Let X be a class of groups. The characteristic of X is defined as char(X) := {p : p ∈ P and C p ∈ X} , where P denotes the set of prime numbers, and we say that X is of full characteristic if P = char(X).
Later, we shall need to assume that our class X is not only a subgroup-closed Fitting formation, but also that A ⊆ X. For that to hold, however, it suffices to assume that X is of full characteristic, in which case we have the stronger result that N ⊆ X.
Lemma 6.3. If X is a subgroup-closed Fitting formation of full characteristic, then N ⊆ X.
Proof. Let X be a subgroup-closed Fitting formation of full characteristic, write X sol = X ∩S, and note that X sol is also a subgroup-closed Fitting formation of full characteristic. Now, fix a prime p. We have C p ∈ X sol , thus X sol , which is closed under taking direct products, contains all elementary abelian p-groups. A theorem of Bryce and Cossey asserts that every subgroup-closed Fitting formation of soluble groups is saturated; cf. [DH92, XI, Thm. 1.1], or the original [BC72, Thm. 1]. It follows that P/ Φ(P ) ∈ X sol for all p-groups P . But X sol is saturated, so P ∈ X sol , and hence X sol contains all p-groups. Since X sol is of full characteristic, this is true for all primes p. The direct-product-closure of X sol now yields N ⊆ X sol ⊆ X, as claimed.
6.1. Prolegomena to Theorem 6.7. Before we carry on with the proof of our main result, we need to briefly discuss [DM96, Thm. 5.8A]. This theorem states that if Y (later, we will take Y = X with X a subgroup-closed Fitting formation) is a non-empty class of finite groups, which is image-closed and subgroup-closed, and does not contain every finite group, then there exists an absolute constant c > 1, which depends on Y (we will write this as β X in the proof of our main result below), such that for all n 1: if G S n and G ∈ Y, then |G| c n−1 ( †)
First, we note that the sequence (a r ) r 1 given by
is weakly increasing for all r, and satisfies a r < a r+1 for all r 2. Indeed, taking logarithms, this inequality is seen to be equivalent, for r 3, to the assertion that (r − 1)! < r r−2 , the latter inequality being verified in this range by a trivial induction. Now, by the minimal choice of m 0 we have A m 0 −1 ∈ Y, and since Y is of full characteristic, we also have C 2 ∈ Y. Recent results of Maróti [Mar02] allow us to derive numerical estimates for the invariant n 0 in terms of m 0 alone. Maróti shows in particular that, if G is primitive of degree n 25, then |G| < 2 n , and that if G is primitive with G = A n , S n , then |G| < 3 n for all n; cf. [Mar02, Cor. 1.2]. These results represent a substantial improvement over the Wielandt-Praeger-Saxl bound |G| 4 n for G = S n and all n; see [PS80] . Combining these estimates with Part (vii) of Prop. 5.4, it is straightforward to obtain the following useful result.
Lemma 6.4. Let X be a subgroup-closed class of finite groups, not containing all finite groups, and let m 0 , c 0 , and n 0 be as defined above.
(i) If m 0 = 6 and A 7 ∈ X, then 6 n 0 13.
(ii) If 7 m 0 24 and A m 0 +1 ∈ X, then m 0 n 0 m 0 + 2. , with
where S 0 ∈ J * \ Y is such that the minimum value λ is attained.
Definition 6.6. Given an image-closed, subgroup-closed, and extension-closed class of finite groups Y of full characteristic, which is non-empty and does not contain every finite group, we shall refer to the uniquely defined constants β Y and γ Y relative to Y as Y-induced.
We can now state and prove our main result.
1 Of course, the variables m, c 0 , and n 0 all depend on Y.
Theorem 6.7. Let X ⊂ E be a non-empty subgroup-closed Fitting formation of full characteristic, and let X be the e-closure of X. Then the inequality
holds for all finite groups G with G = 1 and G X = 1, where γ = γ X and the implied constant β = β X are X-induced. Moreover, the exponent γ is best possible.
Proof. We use induction on |G| to prove inequality (6.2), leaving the proof of optimality of the exponent γ for the next section. As our main assertion is in the form of an implication, we may start the induction with G = 1, the hypothesis being false in that case. Let G be a finite group such that |G| = m > 1 and G X = 1, and suppose that our claim holds for all groups of order less than m. Let N be a minimal normal subgroup of G, and set
where N N 1 ¢ G. We now distinguish two cases. as X is both normal-product-closed and extension-closed. Since
by Part (iv) of Lemma 3.3, we find that (G/N 1 ) X = 1. By the case assumption, G/N 1 > 1 and, since N 1 N > 1, we may apply the induction hypothesis to the group G/N 1 , to obtain
where we have used Part (i) of Lemma 2.2, applied to the class X, the group G, and the normal subgroup N 1 of G, for the second equality. Furthermore, we have
so that (N 1 ) X = 1; indeed, from the fact that (N 1 ) X is characteristic in N 1 by Part (i) of Lemma 3.3, with N 1 being normal in G, we deduce that (N 1 ) X is a normal X-subgroup of G, so contained in the X-radical of G; alternatively, to see this, one may observe that (N 1 ) X is a subnormal X-subgroup of G by definition, and apply Part (iii) of Lemma 3.3. Also, since
, and we have
as X is subgroup-closed and isomorphism-closed. It follows that
Applying the induction hypothesis to the group N 1 < G, we now find that
Combining (6.3) and (6.4) yields
which is our claim for the group G.
Since G X ¢ G and N is a minimal normal subgroup of G, the only possibilities are G X = 1 and G X = N . In the first case, we have G ∈ X and G X = 1, implying G = 1 by Part (ii) of Proposition 5.4, a contradiction. Hence, since A ⊆ X (by Lemma 6.3) and G X = 1, we have
where n is a positive integer and S is a non-abelian simple group (if S were abelian, then we would have N ∈ X, thus 1 < N G X , a contradiction). We also note that S ∈ X, since otherwise (by Part (ix) of Proposition 5.4), S ∈ X, and we have S ¢ N ¢ G, implying 1 < S G X by Part (iii) of Lemma 3.3, again contradicting our hypothesis that G X = 1.
We claim that, in this second case, N is the unique minimal normal subgroup of G. Indeed, suppose that M = N is a second minimal normal subgroup of G. Then N ∩ M = 1, so that M embeds into G/N :
thus M ∈ X, since G/N ∈ X and X is subgroup-closed. Since M = 1, it follows by Part (iv) of Proposition 5.4 and Part (i) of Lemma 3.3 that M X is a non-trivial normal X-subgroup of G, contradicting the fact that G X = 1.
The fact that G has a unique minimal normal subgroup now implies that
, ensuring that N is abelian. This, in turn would force G X to be non-trivial, since A ⊆ X, a contradiction. It follows that the map G → Aut(N ) sending an element g ∈ G to the restriction ι g | N of the inner automorphism ι g of G, ι g (x) = g −1 xg, is an injective homomorphism, embedding G in Aut(N ) ∼ = Aut(S) S n , the wreath product being formed with respect to the natural action of S n on the standard n-set; cf., for instance, [Ros94, Lem. 9 .24] for the assertion on the structure of Aut(N ). Consequently, G/N ∈ X is embedded in the group Out(N ) ∼ = Out(S) S n . Let H denote the image of G/N in S n under the natural homomorphism Out(S) S n → S n . Since X is image-closed, H is an X-subgroup of S n . Applying [DM96, Thm. 5.8A] along with our preliminary observations, we get |H| β n−1 , where β = β X > 1 is X-induced. Thus,
As G X = N , and we want to show that |N | > |G| γ , it suffices to prove that
For that, in turn, it is enough to establish that
holds for each positive integer n and every finite non-abelian simple group S ∈ J * \ X. Since the sequence n−1 n is strictly increasing and converges to unity as n tends to infinity, it suffices to establish the bound
for all finite non-abelian simple groups S / ∈ X.
Clearly, (6.5) is equivalent to
being valid for all non-abelian finite simple groups S / ∈ X, thus we require that γ λ 1 + λ , where λ := min log |S| log(β X |Out(S)|)
:
This is valid, however, by the very definition of γ. Our proof of (6.2) is thus complete.
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Having proved inequality (6.2), it remains to establish sharpness, i.e., the fact that the exponent γ in (6.2) is chosen as large as possible to make the concluding inequality valid for all finite groups G with G = 1 and G X = 1.
We have defined the X-induced β to be
so let L be an X-subgroup of some S ν , 2 ν n 0 , for which the maximum in the definition of β is attained. Let r = r n = ν n , and define the sequence of groups L 1 := L, L r := L r n−1 L for n 2. An easy induction shows that L r ∈ X for all r = r n , since X is It is not difficult to see that, for all r, (W r ) X = 1, and
We take a moment to justify these claims. Recall the content of Goursat's lemma [Gou89] , which provides a method for finding (normal) subgroups of direct products. An account (and some generalisations) of this useful result are given in [AC09] . Briefly, given subgroups Q ¡ R G 1 , S ¡ T G 2 and an isomorphism f : R/Q → T /S,
is a subgroup of G 1 × G 2 and each subgroup of G 1 × G 2 is of this form. A necessary and sufficient condition for H to be normal in G 1 × G 2 is that both Q, R and S, T are normal in G 1 , G 2 respectively, and that Q/R Z(G 1 /R), T /S Z(G 2 /S). An immediate consequence of Goursat's lemma is that if G is semisimple, i.e., a direct product of nonabelian simple groups, then every (non-trivial) normal subgroup of G is again semisimple, a subproduct of the direct factors of G, and thus the same holds true for every quotient of G.
Now, the subgroup S r 0 is characteristic in the base group Aut(S 0 ) r , being its socle, and the base group is normal in W r , so S r 0 is normal in W r . On the other hand,
where Out(S 0 ) is soluble by Schreier's Conjecture (now accepted as a Theorem, owing to CFSG). Since Out(S 0 ), L r ∈ X for all r, it follows by e-closure and d 0 -closure of X that W r S r 0 ∈ X. Thus (W r )
X is a normal subgroup of W r , contained in S r 0 . From the consequence to Goursat's lemma, we deduce that S r 0 (W r )
X is either the trivial group, or isomorphic to the direct product of copies of S 0 . We discount the latter possibility by noting that
whilst S 0 / ∈ X. This settles our claim that the X-residual of W r is the socle of its base group.
It remains to justify the claim that the X-radical of W r is trivial. For that it will suffice to establish that a non-trivial normal subgroup of W r contains S 0 as a section. (Since S 0 / ∈ X, it follows that S 0 / ∈ X, while the s q-closure of X forces sections of X-groups to be X-groups.)
Let K denote the base of W r , so that Soc(K) = S for some ρ r, by our previous discussion. We may thus assume that N ∩ K = 1. Next, we argue that we can also assume that N projects onto L r , the top group of W r , under the natural homomorphism W r → W r /K. Further, if γ r is such that (W r ) X = |W r | γr , then
.
Since lim
we get lim r→∞ γ r = γ which establishes optimality of γ and sharpness of the inequality in our main result. At this point we are met with a certain difficulty, which is to find the actual value of λ S . Below, we offer a short proof that the minimum is attained precisely for S = A 5 and therefore By [Koh] , we have |Out(S)| < log 2 |S| for all S ∈ J * , and thus it suffices to prove that log |S| log 24 This raises the question if our Theorem 6.7 is simply a restatement of Theorem 1.1 using the more abstract language and theory of classes of groups. It is not so. Recall the seminal work of Thompson [Tho68] which classifies (among other things) the minimal simple groups, i.e., the (finite) non-abelian simple groups all of whose proper subgroups are soluble. These are:
• PSL 2 (2 p ), p a prime;
• PSL 2 (3 p ), p an odd prime;
• PSL 2 (p), p > 3 a prime congruent to 2 or 3 mod 5;
• Sz(2 p ), p an odd prime;
• PSL 3 (3). Now, let J be any minimal simple group in the list above. We let X := d 0 (J) × S be the class of groups G of the form
for n ∈ N with J i ∼ = J, i = 1, . . . , n and H ∈ S. Then X is a subgroup-closed Fitting formation of full characteristic; for a proof see Example 1.6 in [DH92, Chap. XI]. Further, X is the class of groups having every non-cyclic composition factor isomorphic to J, and it is clear that S ⊂ X ⊂ E.
In fact, if F is a subgroup-closed Fitting formation such that S ⊂ F ⊂ E, then F contains a subgroup-closed Fitting formation of the type described above. Since S ⊂ F, it follows that F, thus also F, contains non-abelian finite simple groups. Let J ∈ F ∩ J * have least possible order. Then d 0 (J) is the class generated by J and is a Fitting formation; cf. Example 2.13 in [DH92, Chap. II]. The minimal choice of J and the fact that F is a subgroup-closed Fitting formation (so that sections of F-groups are again F-groups) together imply that J is minimal simple. Now, N ⊂ F by Lemma 6.3, thus S ⊂ F, and so d 0 (J) × S ⊆ F. That d 0 (J) × S is a subgroup-closed Fitting formation follows from our previous discussion.
Next, we want to discuss the computation of the optimal constants m 0 (X), n 0 (X), β X , and γ X in the case where X = d 0 (A 5 ) × S. This will lead to an optimal inequality of the same type as in Theorem 1.1. Consider A 5 ∼ = PSL 2 (2 2 ), which fits into Thompson's list of minimal simple groups and take X = d 0 (A 5 ) × S, so that X is the class of groups having every non-abelian composition factor isomorphic to A 5 . According to our previous discussion, both X and X are s-closed Fitting formations of full characteristic. Clearly, the smallest m such that A m / ∈ X is m 0 = 6, so that c 0 = 120 1 4 ≈ 3.30975. According to Lemma 6.4 we have 6 n 0 13, and we wish to pin down the exact value of n 0 . In fact, we claim that n 0 = 6, and to prove that it will suffice to establish that there exist no primitive X-groups of degree n, such that 7 n 12 with |G| > c n−1 0 = 120 n−1 4 . A list of primitive groups of small degree is readily available, e.g. [CD07, Table 9 .62], and the number of groups that require checking is small enough that the task can be carried out by hand. Alternatively, a computer algebra system can be employed. Therefore, β X = c = max |G| 1 n−1 : X G S n , 2 n 6 .
It's easy to check that the maximum is attained for S 5 ∈ X, so that β X = 120 We stipulate that the non-abelian simple group for which the minimum value λ X is realised is A 6 , and we shall need to make use of Kohl's inequality [Koh] again in order to prove that, i.e., that |Out(S)| < log 2 |S| for all S ∈ J * . Note here that |A 6 | = 360, while |Out(A 6 )| = 4, so that in essence we are claiming that λ X = log 360 log 4 * 120 1 4 ≈ 2.27864.
Thus it suffices to prove that log |S| log 120 for all S ∈ J * \ {A 5 , A 6 }. It is easy to check that (8.2) is valid for all |S| 4529. There are 8 non-abelian simple groups of order ∈ (168, 4529], excluding A 6 , and we check directly that each of those groups yields a numerical value for λ that is strictly bigger than that produced by A 6 .
We conclude that γ X = λ X 1 + λ X = log 360 log 1440 * 120 1 4
